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Photonic Band-Gap Modeling of Cholesteric Liquid
Crystals with Periodic Pitch Modulations

Hiroyuki Yoshida1, Akihiko Fujii1, Katsumi Yoshino2,
Masanori Ozaki1

1Department of Electrical, Electronic and Informational Engineering,
Graduate School of Engineering, Osaka University
2Research Project Promotion Institute, Shimane University,
Matsue, Japan

The authors model a cholesteric liquid crystal material in which periodic elonga-
tion or shortening of the pitch has been introduced, and investigate its optical
properties by the plane wave expansion method. The calculated photonic band
structure revealed a continuous shift of the selective reflection band depending
on the sign and degree of the modulation in pitch introduced. Anomalous selective
reflection band-gaps were also observed at frequencies higher and lower than the
original band-gap of the unmodified cholesteric liquid crystal, due to the longer
periodicity experienced by the light interacting with the material.

Keywords: cholesteric liquid crystal; photonic band-gap material; structural defect

INTRODUCTION

Periodic dielectric media, or more commonly known as photonic crys-
tals (PhC) possess attractive optical properties which allows one to
control light propagating through the material [1]. One can observe
a photonic band-gap where light within a certain frequency range is
prohibited to transmit, depending on the period, refractive index and
the order of periodicity. While a photonic band-gap exhibited in perfect
dielectric lattices is in itself a fascinating phenomenon which allows
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one to realize perfect mirrors or gain enhancement at the band-edge
frequency, one trend in the PhC field has been to add functionality into
these materials by intentionally breaking the lattice. Introduction of a
structural defect is known to cause a defect mode or a localized state to
appear in the usually non-transmitting band-gap [2], thus allowing
one to realize photonic devices such as narrow-band-pass filters [3],
low-threshold lasers [4] or waveguides [5].

Liquid crystal containing PhCs have recently attracted considerable
attention, mostly in view of applications [6]. Photonic devices should
be tunable so that certain specifications can be met for various applica-
tions, and liquid crystals allow them to be tunable, by means of exter-
nal stimuli [7]. Both experimental and theoretical reports have been
made on composite PhCs with nematic liquid crystals, which allow
the optical properties to be tuned by causing a reorientation of the
liquid crystalline molecules by an electrical field [8–10].

From such a perspective, cholesteric liquid crystals (ChLCs) can be
viewed as candidate materials for PhCs, since they spontaneously form
a periodic lattice. The chiral constituents cause the material to self-
organize into a helicoidal structure, which owing to the birefringence
of the liquid crystal forms a periodic refractive index modulation along
the helical axis. Upon normal incidence along the helical axis, ChLCs
are known to exhibit a photonic band-gap over a frequency region given
by x ¼ 2pc=nep�2pc=nop, where ne and no are the extraordinary and
ordinary refractive indices of the liquid crysal, p is the pitch and c is
the velocity of light [11]. The photonic band-gap exhibited by ChLCs
possesses certain peculiarities since the structure is helically periodic:
it is circularly polarization selective that only light with the same
handedness as the material itself is reflected, only a single band-gap
is exhibited throughout the whole spectrum unlike inorganic one-
dimensional structures and the size of the band-gap is larger than that
exhibited in inorganic one-dimensional structures with the same
refractive indices and period. Also being a liquid crystal state, they
do not require a composite system and are well suited for tuning by,
for example heating or light irradiation. Numerous reports on ChLC
dye lasers have been made, exploiting their PhC properties [12–14].

Defect engineering in ChLCs has recently been an active topic, with
both theoretical proposals and experimental demonstrations. Yang
et al. theoretically showed that defect modes do emerge within the
photonic band-gap of ChLCs upon introducing an isotropic defect layer
in ChLCs [15], while an introduction of an anisotropic defect layer was
found to cause interesting effects as an optical diode [16]. A discontinu-
ous phase jump of the director rotation was theoretically predicted as a
defect characteristic to the helical structure [17], with supporting
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experimental demonstration of the twist defect mode and low threshold
lasing [18,19]. Tunable single defect-modes were realized in ChLCs
with a locally modulated pitch introduced as the defect layer [20,21].
Utilization of a ChLC material as a defect is interesting and useful in
that the defect mode wavelength is tuned as a result of varying the
contrast of the pitch lengths between the bulk material and the defect.

The present study will also be on defect engineering in ChLCs, but
will provide novel results since the effects of introducing multiple
structural defects will be considered. In most experimental reports
on defect engineering in ChLCs, polymeric ChLC materials are used
to fabricate the structures, either by the stacking method or the direct
laser-lithography method. These methods can easily be expanded into
larger scales so that ChLCs with several or multiple defects are
fabricated. Therefore it is important to understand theoretically what
will happen in such complex structures, and what kind of optical
properties one can expect. We focus particularly on a structure where
multiple pitch-modulated regions are introduced in the bulk ChLC
medium, as shown in Figure 1. Pitch modulated regions are parti-
cularly interesting as defects since in the single-defect case, the optical
properties were tuned simply by varying the contrast of the pitch at
the defect and the bulk. Similar results may be expected also in the
case with multiple defects.

MODEL AND CALCULATION METHOD

ChLCs locally have a nematic director ordering which rotates periodi-
cally along a particular helical axis, which we set as the z-axis. For the

FIGURE 1 Schematic illustration of the ChLC with periodic pitch modulations.
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uniform ChLC in which we assume a 0 degree tilt, the dielectric tensor
distribution is described by the expression

~eeðzÞ¼
e11 e12 e13

e21 e22 e23

e31 e32 e33

2
4

3
5¼ e2 sin2 /þ e1 cos2 / ðe1� e2Þcos/sin/ 0

ðe1� e2Þcos/sin/ e2 cos2 /þ e1 sin2 / 0
0 0 e3

2
4

3
5
ð1Þ

where e1, e2 and e3 are the x, y and z components of the diagonalized
dielectric constant given by e1¼ ne

2 and e2, e3¼no
2. /(z) is the

in-plane angle of rotation along the helical axis, which in the case
of uniform ChLCs is given by /(z)¼ 2pz=p0, where p0 is the pitch of
the helix.

Upon modifying the structure, we assume that a helix with either a
shortened or elongated pitch with respect to the initial pitch by a pitch
modulation factor a, defined by a ¼ (pd� p0)=p0 (where pd is the modu-
lated pitch) is introduced at a certain period K. For simplicity, we
assume that the pitch modulated region contains one 2p rotation of
the director: therefore we obtain a periodic pitch distribution

pðzÞ ¼ pðzþ aÞ ¼ pd zj j < pd

2

� �
p0

pd

2 < zj j < a
2

� ��
ð2Þ

throughout the material, where a ¼ (Kþpd) is the size of the periodic
lattice. The dielectric tensor of the modulated structure is still given
by equation (1), though now the in-plane angle of the director rotation
is given by /(z) ¼ 2p=p(z) and so the tensor is translation symmetric
~ee zð Þ ¼~ee zþ að Þ. Figure 2 shows an example of the exx dielectric tensor
component and the pitch distribution of the assumed ChLC material
with a right-handed helix, ne ¼ 1.7, no ¼ 1.5 with a pitch modulation
of factor a ¼�0.3 introduced at different periods, K ¼ p0, 2p0, 3p0,
4p0. Note that when the modulated pitch is shorter with respect to
the bulk (unmodified) ChLC, the value of a is negative. The degree
of pitch modulation was varied from �0.8 < a < 0.8 for each structure
and the photonic band-structure was numerically calculated by the
procedure described below.

The photonic band structure provides the dispersion relationship
between the frequency and the wave number of a plane wave propa-
gating through a medium, and is well suited to investigate the optical
properties of materials possessing a certain periodic structure. The
photonic band structure of the pitch modulated ChLC is determined
by solving the wave equation satisfied by the magnetic field of light
propagating in the medium

r� ½~ee �1ðzÞr � ~HHðzÞ� ¼ x2

c2
~HHðzÞ; ð3Þ
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where ~ee �1ðzÞ is the inverse of the dielectric tensor, and x is the
eigenfrequency.

The periodic dielectric tensor can be expanded in a Fourier series on
the inverse lattice G corresponding to the period a in real space:

~ee �1ðzÞ ¼
X

G

~ee �1ðGÞ expðiGzÞ; G ¼ 2pm

a
: ð4Þ

FIGURE 2 Example of the unit cells of the modeled ChLC structures with
periodic pitch modulations. In the figure, the case for a ¼�0.3 is shown.
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The magnetic field of light propagating in the direction of periodicity
(the z-axis) can also be expanded in terms of plane waves using the
Bloch-Floquet theorem,

~HHðzÞ ¼
X

G

ðhx
G~eex þ hy

G~eeyÞ exp iðkþGÞzf g; ~HHðzþ aÞ ¼ exp ikaf g ~HHðzÞ;

ð5Þ
where~eex;y is the polarization unit vector in the x and y planes and hG

x,y

are the respective amplitudes. Equations (3)–(5) can be converged and
expressed in a matrix configuration

X
G0

~ee �1ðG�G0ÞjkþGj kþG0j j �
~eey �~eey �~eey �~eex

�~eex �~eey ~eex �~eex

� �
hx

G0

hy

G0

" #
¼ x2

c2

hx
G

hy
G

� �
;

ð6Þ
which becomes an eigenproblem that can be solved numerically. Upon
computation, we employed the numerical method proposed by Ho,
Chan and Soukoulis [22] which takes the inverse of the Fourier coeffi-
cients of the dielectric tensor instead of first calculating the inverse of
the real space tensor and then calculating its Fourier coefficients. The
number of plane waves used; i.e., the number of finite Fourier coeffi-
cients considered in our study was varied from 616 to 1160 waves,
depending on the size of the periodic lattice. Although this method
was originally performed on isotropic periodic media, Busch and
John showed that this method was effective for anisotropic materials
with an eigenfrequency convergence of 0.01% upon using 531 plane
waves [6].

RESULTS AND DISCUSSION

Figure 3 shows the photonic band structure of the periodically helix-
modulated ChLC structures when a pitch-shortening modulation of
a ¼�0.3 is introduced. The photonic band-structure of the non-
modulated ChLC is also shown as a reference. The solid lines and
the dashed lines indicate the eigenmodes which are either affected
or unaffected by the helical structure of the ChLC, respectively. It
should be noted that a photonic band-gap shown shaded in the figure
is experienced only by a single eigenmode, which is in fact a elliptically
polarized mode with the same circular handedness as the material
itself. i.e. a selective reflection band is exhibited. The photonic band
structures of the helix-modulated ChLCs show a very different optical
property from that of the non-modulated ChLC. Numerous selective
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reflection band-gaps are observed in the periodically helix-modulated
ChLC, while the non-modulated ChLC exhibits a single selective
reflection band from xp0=2pc ¼ 0.577�0.666. The number of the selec-
tive reflection band-gaps is seen to increase as the period of pitch
modulation is increased. For the case where K ¼ p0, 3 band-gaps
appear, and for cases where K ¼ 2p0, 3p0 and 4p0, the respective
band-gaps that appear are 4, 5 and 7 within the displayed frequency
range of xp0=2pc ¼ 0.4�1.0. The origin of these secondary band-gaps
can be understood from the dispersion relation as follows. Since the
size of the unit cell, a ¼ (Kþpd) is different for each helix-deformed
structure, the size of the irreducible brillouin zone, given by k(X)¼ p=a
is also different. The secondary selective reflection band-gaps observed
at the brillouin zone edges of each helix-modulated ChLC structure
indicates that the secondary band-gaps originate from light which
experiences the period of the unit cell for each structure: in other
words, they are a result of light interacting with the periodicity of
the modulation of the helical pitch, rather than the helical structure
of the ChLC itself. The opening of multiple band-gaps in ChLCs has
been reported in ChLC elastomers with strain-induced deformations
[23]. We show that numerous band-gaps can be opened not only when
the helix is deformed along the helical axis, but when a ChLC with a
discretely different pitch is introduced periodically within the
material. The physical origin of the secondary band-gaps; i.e., the
contribution of the period of pitch modulation is also made clear by
our calculations.

In each photonic band structure, there exists a wide band-gap with
a width similar to the width of the band-gap of the non-modulated
ChLC, shaded in dark gray in Figure 3. The spectral position of the
wideband-gap shifts further away from the original selective reflection

FIGURE 3 The photonic band structure of the non-modulated ChLC and
the helix-modulated ChLCs with a ¼�0.3. The shaded regions indicate the
selective reflection band-gaps.
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band-gap of the non-modulated ChLC as K is decreased, that is, as
more deformations are introduced. The origin of these wide band-gaps
can be attributed to the interaction of the incident light with the heli-
cal structure of the ChLC molecules. The wide reflection band-gaps
appear at values of kp0=2p ¼ 1.18, 1.11, 1.08 and 1.06 respectively
for K ¼ p0�4p0, which is close to 1.0, where light is subject to strong
interaction with the helical structure in an non-modulated ChLC.
Because of the perturbations introduced in the helix-modulated
ChLCs, light with kp0=2p ¼ 1.0 does not fulfill the Bragg condition
to interact strongly with the material, but does so at a close value of k.
The wide band-gaps are therefore a result of light experiencing the
helical structure of the ChLC molecules in addition to the periodic
modulation of the helical pitch, and therefore appear in all helix-
modulated ChLC structures. The relationship between the spectral
position of the wide band-gaps and the intervals of pitch modulation
is explained in terms the contribution of the pitch modulated regions
on the photonic band structure. For small K, the deformations
are introduced more frequently, which means the effect of the pitch-
modulated region becomes larger compared to the case with a large K.
For the cased considered in Figure 3, a ¼�0.3 is a pitch shortening
deformation, which causes the band-gap to appear at higher frequency
regions. Therefore the numerous a ¼�0.3 modulated regions in the
structure acts to shift the band-gap frequency higher, and the amount
of shift becomes greater for structures with a smaller K.

Next, we consider the effect of a on the photonic band structure of
the helix-modulated ChLCs. Figure 4 shows the frequencies of the
selective reflection band-gaps as a function of a, for each helix modu-
lated ChLC with K ¼ p0�4p0. The two bands both above and below

FIGURE 4 The selective reflection band-gap frequencies of the helix-
modulated ChLCs as a function of varying a. The lightly shaded regions
indicate the band-gaps exhibited by the structure, and the dark shaded region
indicates the position of the band-gap in a non-modulated ChLC with a ¼ 0.0.
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the initial selective reflection frequency appearing between xp0=2pc ¼
0.588� 0.667 are shown for each case. In all four cases of K, the secondary
band-gaps seem to appear without a threshold of a. From the discus-
sions above, this is because light propagating through the material
experiences a periodicity of the modulating helical structure once a
periodic deformation of any pitch modulation is introduced. All selec-
tive reflection band-gaps show a clear dependence on the value of a;
the band-gaps shift to the higher frequency region with decreasing
a, while they shift to the opposite direction with increasing a. This
means that a continuous tuning of the multiple selective reflection
band-gaps can be achieved by changing the degree of helix modulation.
As discussed above, the amount of shift of the band-gaps is different
for structures with different pitch modulation intervals. The amount
of shift is larger in cases where K is smaller, because the contribution
of the pitch-modulated regions on the optical properties is larger in
cases with a small K.

CONCLUSION

In conclusion, we investigated the optical characteristics exhibited by
ChLCs with periodic pitch modulations introduced at different
intervals. Periodic deformations in the helical structure lead to the
formation of secondary selective reflection bands, in which the spectral
positions could be tuned either by changing the pitch modulation
factor of the deformations, or the interval of pitch modulation. The
number of the secondary band-gaps was found to depend largely on
the interval of pitch modulation, which determines the secondary
periodicity experienced by the light propagating through the struc-
ture. Understanding the physical origin of the anomalous optical
properties in these complex structures should be useful for designing
ChLC filters requiring specific reflective properties.
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